We exactly calculate the fourth virial coefficient for hard spheres in even dimensions for D = 4, 6, 8, 10, and 12.
Introduction
The virial series for the pressure
of the system of hard spheres with diameter σ in D dimensions specified by the two body pair potential
has been studied for over 100 years. However, despite the long history of this problem, there are very few analytic results known. The second virial coefficient is
The third virial coefficient has been computed long ago for D = 2 [1] and D = 3 [2] , and in arbitrary dimension is compactly given as [3] B 3 /B For low dimensions these are given in Table 1 .
However, B 4 has been calculated analytically in only two and three dimensions 
and no further analytic results are known. An interesting discussion of the history of the calculation of B 4 in three dimensions is given in [8] .
We feel that for such a problem in pure geometry that tractable analytic results must exist. In this paper we make a modest step toward verifying this by extending the analytic evaluation of the fourth virial coefficient to even dimensions D ≤ 12. In the Mayer formalism [9] the fourth virial coefficient is
where each solid line represents the Mayer f function
which for the hard sphere potential reduces to
The second and third diagrams in this expansion have been evaluated in arbitrary dimension in [3, 10] . In this paper we complete the computation in even dimensions for D ≤ 12 by evaluating the first diagram in Section 2. For virial coefficients of order greater than four it is much more efficient to use the expansion of Ree and Hoover [11, 12] where in addition to the f bonds we also have bondsf (r) = 1 + f (r) which are represented by dotted lines. In this notation every point is connected to every other point by either an f or anf bond and for B 4 the virial coefficient is given by
where only thef bonds are shown. The integral in the first term is identical with the integral in the first term of Eq. 6 and we compute the second term from the three Mayer diagrams of Eq. 6 in Section 3. The results for B 4 and for the two separate Ree-Hoover diagrams are given in Table 2 .
Analytical Calculation of the Complete Star Diagram
The complete star integral in the expansions of Eq. 6 and Eq. 9 is by definition 
where r ij = r i − r j . Specializing to the case of hard spheres we first note that f (r) ≡ f (|r|), and then we treat the coordinates in Eq. 10 as follows: r 1 is constrained to a unit ball centered on the origin due to f (r 1 ), r 2 is integrated in the same ball with the additional condition that r 12 ≡ |r 12 | = r 2 1 + r 2 2 − 2r 1 r 2 cos θ < 1. The r 3 integral may be thought of as giving the overlapping hypervolume V D of D-dimensional unit balls situated at the origin, r 1 , and r 2 , and this depends only on r 1 , r 2 , and the angle θ between r 1 and r 2 . We define
where the negative sign ensures that V D is positive. We may substitute this in to the expression for , and then write r 1 and r 2 in D-dimensional spherical polar coordinates
where the angular integrals give
, which is valid for arbitrary D > 0, including non-integer D. The integrand in Eq. 12 only depends on r 1 , r 2 , and θ, and we may integrate out the other angles to obtain
We now change coordinates from (r 1 , r 2 , θ) to the coordinate system (R, α, β) which is illustrated in Fig. 1 . The three points which were at the origin, r 1 , and r 2 are now circumscribed by a circle of radius R; 2α and 2β are the angles subtended by r 1 and r 2 from the center of the circle.
Noting also that −f (r 1 )f (r 2 )f (r 12 ) may only have the values of 0 and 1, we may absorb the f functions in to the domain of integration and rewrite the triple integral of Eq. 13 as We are required to integrate over all R, α, and β such that the distance between any two points is less than one; denoting the sides opposite points A, B, and C on Fig. 1 as a, b, and c respectively we have a = 2R sin α, b = 2R sin β, and c = 2R sin γ. We choose to integrate over R before the angles α and β, and we impose b, c < a < 1 which introduces an extra factor of 3. Therefore we must change the region of integration from
to a domain for (R, α, β). The boundary of this region is found by setting inequalities 16 and 17 to equality, with solutions:
This region is shown in Fig. 2 . Finally, inequality 18 restricts R to the domain
The next step is to calculate the overlapping volume V D of the three hyperspheres for even dimensions D = 2n, where n is an integer greater than or equal to 2. We do this in Appendix A, and the result for R < 1 is denoted V < D and given in Eq. 40, while the result for R > 1 is denoted V > D and given in Eq. 41. Throughout this paper we will adopt the convention that sums with index ξ are always over {α, β, γ}.
We will sketch the steps involved in the rest of the calculation, which were carried out using the computer algebra platform MAPLE version 8 for n = 2, 3, 4, 5, 6. The first step is to perform the integral over R, where we notice from inequality 20 that we may only have R > 1 when α > 5π 6 . Ignoring for the moment factors not involving R in Eq. 15, we therefore need to calculate
and
One of the integrals we will need to do is
and thus the only non-trivial parts of the integral are in the form dR R 2l U m+ 1 2 with the shorthand notation
2 ξ everywhere, and this leaves us only to perform integrals such as
We may replace γ everywhere in this expression by β, as we are integrating over a region that is symmetric in β and γ. After doing this and substituting in the limits of integration, we are left with terms involving
, along with functions of the form x −m P (x) where m is an integer, P (x) is a polynomial, and x may be either sin α or sin β. We now make the change of variables x = sin α, y = sin β, and so the α and β integrals become
The ambiguous sign is + when α < 
, and so naively it appears that we have to compute elliptic integrals of the form dz √ t 2 − z 2 / √ 1 − z 2 and then use identities for elliptic integrals to reduce the final result to a simple form. However, by splitting the final integrals over x and y for in to the pieces
we avoid this. The first integral may be completed straightforwardly by first integrating over x, and then when one substitutes in the limits of integration this eliminates any elliptic integrals. The integral over y may now be performed without requiring any elliptic functions. Conversely, the second integral is completed by first integrating over y and subsequently over x. Thus one can see that for any even dimension all integrals that must be performed are elementary.
So we obtain the results of Table 2 by carrying out this procedure for D = 4, 6, 8, 10, and 12 using MAPLE.
Analytic derivation of the Ree-Hoover ring diagram
The second and third Mayer diagrams have been found in terms of integrals over Bessel functions and hypergeometric functions by Luban and Baram [3] . The Mayer ring diagram is given by = 2
while the second Mayer diagram is given in [3] as
Other expressions for these diagrams were given in [3, 10] , but MAPLE was straightforwardly able to evaluate these expressions for dimensions one through twelve, and these are listed Table 3 . The second diagram of the Ree-Hoover expansion was then obtained from the equation 
A Calculation of V D in even dimensions
For D = 2 the calculation of V D is straightforward as the r 3 integral is confined to the same plane as the three circle centers and trivially gives the area of intersection of the three circles of radius r = 1. Although we will neglect the details for the moment, the area depends on R, α, and β and we will denote this as A(r = 1, R, α, β).
As shown in Fig. 3 , for D = 3, we define the perpendicular distance from the plane of the circle centers to be h; h = 0 is the original plane in which we see three intersecting circles of radius one. As we increase h we see overlapping circles with the same center but decreasing radius, with the radii of these circles given by r = √ 1 − h 2 (see Figs. 4 and 5) . The total volume of intersection may be obtained by integrating the overlapping area of the three circles with respect to h, from h = 0 to the value h max where the intersection of the three circles is reduced to a single point. There is an additional factor of two because we need to integrate both above and below the plane. For the general case of D > 3, we choose a spherical polar coordinate system for the D − 2 dimensional subspace with radial coordinate h; there is an extra factor of h D−3 compared to three dimensional case, and we now need to perform an additional trivial angular integration, ie
Although Eq. 27 breaks down for D ≤ 2, note that it is correct for D = 3 as Ω 0 = 2.
As the area of intersection may be bounded by arcs from either two or three circles, we will need to deal with two different expressions for the area, and three different cases for V D . In Fig. 3 we have R < 1 and 
In this case the circle centers form a triangle with an obtuse angle and the area of intersection will be nonzero even for h > √ 1 − R 2 .
α < π 2 in which case the area is bounded by three arcs over the full range of r, while in Fig. 5 we have R < 1 and α > π 2 for which the area is bounded by three arcs for R < r < 1, but by two arcs for R sin α < r < R. When R > 1 the area can only have two arcs for its boundary, and this is the third case.
Provided the overlapping region is bounded by arcs from three circles, the area of overlap may be calculated by an inclusion-exclusion method following the method used for the overlapping volume of 3 spheres in [13] . The area of intersection of three circles of radius r is given by 
The different contributions to Eq. 28 are shown explicitly in Fig. 6 , and one should also note that although expressions are written in terms of α, β, and γ for the sake of simplicity, these variables are not independent and α + β + γ = π. The overlap of two circles of radius r separated by a distance R sin α is given by
We may obtain this expression from Eq. 28 by taking the limit r → R + when α > 
We will now specialize to the case where D = 2n, where n is an integer greater than or equal to 2. By defining
and integrating out the remaining pieces, we have for α < π/2, R < 1:
while for α > π/2, R < 1:
and finally for α > π 2 , R > 1:
Integrating I 1 once by parts
where we have used
Substituting in the limits of integration, r = 1
Substituting r = R 
which defines I < (R, ξ). Substituting r = R sin ξ I 1 (R sin ξ, ξ) = 0 (38) Substituting I 1 (R, ξ) = sgn( π 2 − ξ)I < (R, ξ) in to V D , we notice that the two cases of α < π/2 and α > π/2 with R < 1 reduce to the same form, which we will denote as V Finally, by substituting the expressions for I 1 and using α + β + γ = π we obtain for R < 1: 
